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2Abstract
In this thesis, we study some important themes in complex
differential geometry and survey their recent developments.
A central theme in complex geometry is the use of cohomology
vanishing theorems to construct holomorphic objects on complex
manifolds. These vanishing theorems usually depend on certain notion
of positivity of holomorphic line bundles over compact Kihler manifolds.
Thus, we first give a thorough review of Hermitian differential
geometry and prove the Kodaira vanishing theorem which provides the
characterization of projective algebraic manifolds from among all
compact Kahler manifolds. Then we discuss various generalizations of
the Kodaira-Nakano technique and derive vanishing theorems under weaken
positivity assumptions.
While we do prove special vanishing theorems on projective
algebraic manifolds using the slicing technique, we concentrate more
on Siu's vanishing theorem on compact non-Kahler manifolds. This
theorem aims at proving the Grauert-Riemenschneider conjecture which
would provide a characterization of Moisezon spaces.
The notion of positivity is more complicated for vector bundles
and is still under investigation. We give a discussion of the
differential geometric aspects of this topic.
From Hermitian geometry on complex manifolds, we turn to pseudo
Hermitian geometry on CR manifolds. Pseudo-Hermitian geometry is more
computable than the Chern-Moser theory but it contains ambiguity of
choice of contact form. Recent works on the analogous Yamabe problem
on CR manifolds hopefully may shed some light on this ambiguity and
improve some vanishing theorems of Tanaka.
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10. Introduction
In recent years, there have been deep and significant developments
in complex differential geometry. These developments not only provided
active interactions with nonlinear analysis and algebraic geometry, but
also solve crucial problems in physics. For example, the affirmative
solution of the Calabi conjecture by Yau involves a most delicate non-
linear analysis it yields new results in algebraic geometry and gives
general relativists their long sought-for compact Ricci flat Kahler
manifolds. As another example, the Frankel conjecture is settled in two
different ways: by Mori using algebraic geometric method, which works
for characteristic p, and by Siu-Yau using differential geometric
method, which generalizes to non-negative bisectional curvature and
leads to fruitful investigations of compact Kahler manifolds of positive
curvature. Complex differential geometry is now a vast subject and a
comprehensive account is lacking. However, such an account demands the
sure hand of an expert well-versed in various fields. This thesis can
only aim at surveying certain important topics in the subject.
An important theme which runs through the entire development of the
subject is the use of vanishing theorems. This is vividly explained by
Siu [26]: vanishing theorems provide a major method of producing holo-
morphic objects. The most important early example is Kodaira's char-
acterization of projective algebraic manifolds from among all compact
Kahler manifolds. By means of vanishing theorem, Kodaira produced
holomorphic sections of high powers of positive line bundles which imbed
a Hodge manifold into complex projective space. The Kodaira vanishing
2theorem has since-been generalized. One direction of generalization is
to weaken the positivity condition. Another direction is to prove
vanishing theorem for vector bundles. The notion of positivity for
vector bundles is difficult and has been carefully studied by Nakano
[19], Griffiths [9], Siu [24] and others.
In the same spirit as Kodaira's characterization of projective
algebraic manifolds by the existence of a Hermitian holomorphic line
bundle with positive curvature form, the Grauert-Riemenschneider
conjecture implies that Moisezon spaces can be characterized from among
all compact complex manifolds by the existence of a Hermitian holo-
morphic line bundle with semi-positive curvature form which is positive
on a dense subset. In a recent paper [25], Siu proves the conjecture in
case the curvature form is positive outside a set of measure zero, and
hence obtains a vanishing theorem for semi-positive line bundles over
non-Kahler complex manifolds. Differential geometric results on non-




raises the following fundamental problem: How distinct are the three
classes of manifolds and how can one describe their difference? In
particular, Hermitian, non-Kahler differential geometry is not well
understood.
Likewise, much remains to be discovered in the pseudo-conformal and
pseudo-Hermitian geometries of a strictly pseudo-convex real hyper-
surface in complex space. Such a real hypersurface carries a pseudo-
3conformal structure which is invariant under biholomorphic mapping of
the ambient space. This pseudo-conformal geometry has a long history
going back to Poincare and E. Cartan, but relatively little was done
until Chern and Moser solved the equivalence problem, both intrinsically
and extrinsically, in 1974 [5]. Their work was further developed by
Fefferman, Webster and others. However, Chern-Moser's pseudo-conformal
invariants and Fefferman's Lorentz metric are difficult to use because
they are defined on bundles over the real hypersurface. To get things
back on the real hypersurface, Webster developed a pseudo-Hermitian
geometry which correspnds to taking a particular choice of the pseudo-
conformal structure. It is not clear which choice should be made, and
clarification is currently carried out by Jerison and Lee in their work
on the Yamabe problem in this context. The situation is similar to the
search for a canonical Kahler metric on a Ka`hler manifold, which is also
the motivation for the Calabi conjecture and subsequent works on
Kahler-Einstein-Yau metrics. Instead of tracing out this fascinating
development, we only modestly survey the basics of pseudo-Hermitian
geometry. We mention Chern- Hamilton's paper [4] in dimension 3 case
which helps one's understanding.
It seems likely that one can obtain vanishing theorems for pseudo-
Hermitian manifolds by using the more canonical choice of Jerison and
Lee. At present, however, we only present a vanishing theorem due to
Tanaka. Tanaka's aim was to use vanishing theorems to study isolated
singularities of a complex space. In this connection, one should study
the work of S.Yau [30].
4The arrangement of this thesis is as folows: In the first chapter,
we give a complete treatment of Hermitian geometry and derive the
Kodaira-Nakano identity for Kahler manifolds. In chapter 2, we prove
the Kodaira-Nakano vanishing theorem and its various generalizations,
still working on line bundles over Kahler manifolds. Stronger vanishing
theorem can be obtained by strengthening the Kahler assumption to pro-
jective algebraic. The proof is based on an inductive technique of
slicing by hyperplane sections.
In chapter 3, we prove in detail Siu's vanishing theorem on non-
Kahler manifolds. In chapter 4, we study three notions of positivity
on vector bundles: Nakano-positivity, Griffiths-positivity and
ampleness. The first two are differential geometric and the third is
algebraic geometric. These notions are related as follows:
ampleGriffiths-positiveNakano-positive
We prove vanishing theorems on Nakano-positive and Griffiths-positive
vector bundles the former is easy and the latter requires a funda-
mental result of Le Po tier.
In the last two chapters, we develop Webster's connection and
curvature abstractly on CR manifolds and then derive Tanaka's
vanishing theorem.
51. Hermitian Differential Geometry and Kahler Manifolds
In this chapter, we summarize the basic facts in Hermitian
differential geometry, clarifying certain points which often lead to
confusion. Among other things, notation is a sourse of confusion and
we fix here a consistent set of notations.
1.1 Hermitian manifolds and vector bundles
Let be a differentiable vector bundle of rank r
over a complex manifold X, with dim denote
the fibre over a point and let
denote the space of differentiable [resp. holomorphic] sections of V
over an open subset U of X. Consider a local frame
at local sections
such that
is a basis for for all
Any can be written as
where Throughout this thesis, the summation convention
will be used. Hence, a can be regarded as a rxl matrix with entries
in
6Let g: U— GL(r,C) be a holomorphic change of frame (or tran¬
sition functions), we have
g . a(fg)=a(f)
where"• "denotes pointwise matrix multiplication.
Let h be a Hermitian metric on the vector bundle V. The local
representative of h with respect to the frame f is given by the
martix h(f) with entries
where is the Hermitian inner
product on the fibre Vx. For any a
Moreover, if g is a change of frame, then
Suppose now that V X is a Hermitian holomorphic vector
bundle. The canonical connection
which is compatible with the metric h is given in terms of a holo¬
morphic frame f as follows
where
7The curvature form is given by the matrix
The relations between the canonical connection and the associated




We can extend the action of D in a natural way to an action on
higher-order differential forms,
Namely, we use the same local formula, for any
Let G be a Hermitian metric on complex mainfold X. Locally it
can be expressed as
with respect to local coordinates
with
Define a real (1,1)-form by setting
where real means that Then Vol will give a volume
element on X.
8The metric G induces a metric, denoted by,< ,> ,on the exterior
algebra such that the spaces and are orthogonal to
each other for Namely, for a, b
where I with integer entries
and
The induced metric is given by
where and
are integers,
With such a metric, we define the Hodge -'-operator, which is the
complex linear operator
given uniquely by
The Hodge *-operator is an isometry and a real operator (i.e. it sends
real forms to real forms). Let w be the complex linear operator on
given by
9We have
The conjugate , given by
is a conjugate linear operator.
Now let manifold X be compact. The Hodge inner product on
denoted by(,), is defined by
With respect to the Hodge inner product, the formal adjoint of d is
given by
for a, band we have
SuDose that V--- X is a Hermitian holomorphic vector bundle
over a compact complex manifold X. Let T: V---- V* be a conjugate
linear bundle isomorphism of V onto its dual bundle V*. We define
by
Then we define the Hodge inner
andfor
product by
With respect to this inner product, the formal adjoint of D is given by
10
where Dv* is the unique connection on the dual bundle V* induced by
D. We recall that is defined by
for and
We now decompose d,d,D and D* by type
Then,
Define the Laplacians on and
as follows:
In order to simplify the notation, we shall drop the subscripts "V"
We let
and
The elements of and
are called harmonic p-forms




be the set of harmonic V-valued (p,q)-forms.
Lemma (1.1) Let V— X be a Hermitian holomorphic vector bundle over
a compact complex manifold. Then
Let E Q, Ej,—, EN be a sequence of differ en tiable vector
bundles defined over a compact differentiable manifold X. We use
(£(E),D) to denote the complex
where is a simplified notation of
From the theory of elliptic partial differential operators, we have
Theorem (1.2) Let be an elliptic complex equipped
with an inner product. Then
(a) there is an orthogonal decomposition
Where and with
Ker
(b) dim and there is a canonical isomorpism
where
12
With the previously defined Hodge inner product, we have three
elliptic complexes:
By theorem (1.2) [and Dolbeault's theorem], for each cohomology
class there exists a
unique harmonic form representing
the class [a].
Using the above results, we can derive Serre's duality.
Theorem (1.3) There is a conjugate linear isomorphism
1.2 The representation theory for
Now we summarize the representation theory for on
Hermitian exterior algbera.
For we define the exterior multiplication
on by setting
and define the interior multiplication by setting
A direct computation gives
13
We define two basis operators
and
wher is the fundamental (1.1)-form associated with the metric G
on X.
A p-forrr ) is said to be primitive if




As a consequence of Lemma (1.5), the operators
satisfy the same commutator relations as the generators
of sl(2,C), and thus we obtain a representation of
By the theory of such representation, we have the following theorem
which is known as the Lefschetz decomposition theorem.
Theorem (1.6)
(a) A p-form b is primitive if and only if p n and
14
(b) For there is an isomorphism
(c) Every p-form b is decomposed uniquely as
where b is a primitive (p-2k)-form.
1.3 Kahler Manifolds
A complex manifold X is called a Kahler manifold if it is
equipped with a Hermitian metric G such that the fundamental form
is closed, i.e. dw)= 0.
Theorem (1.7) Let X be a Kahler manifold. Then
Here is an important consequence of theorem (1.7).
Theorem (1.8) Let X be a Kahler manifold. Then
Proof: By theorem (1.7)(a), we have





Again by theorem (1.7), we have
and
Hence
Thus, on a Kahler manifold X, harmonic forms are the same as
harmonic or harmonic forms.
Corollary (1.9) On a Kahler manifold, if a k-form
with of type (p,q), then
b is harmonic if and only if all are harmonic.
Corollary (1.10) On a Kahler manifold, the operator commutes with
L and
16
Corollary (1.11) On a Kahler manifold, if
with all b primitive, then
b is harmonic if and only if all b are harmonic.
Since commutes with , there are well-defined mappings.
and
The elements in the kernels of the mappings are called the pri¬
mitive harmoric r-forms and primitive harmonic (p,q)-forms, and denoted
respectively.
Corollaries (1.9) and (1.11) are known as the Hodge decomposition
theorem and the Lefschetz decomposition theorem.
Hodge decomposition Let X be a compact Kahler Manifold. Then
with
where
Lefschetz Decomposition Let X be a compact Kahler manifold. Then




We can describe the above decompositions of the cohomology group of
a compact Kahler manifold diagramatically in the Hodge Diamond, the













Serre's Duality Hodge Decomposition Lefschetz Decomposition
On a holomorphic vector bundle V— X over a Kahler manifold X,
we have a similar result of theorem (1.7).
Theorem (1.12) Suppose V— X is a holomorphic vector bundle over a
Kahler manifold X. Then
As a consequence, we have the Kodaira-Nakano identity for Kahler
manifolds.
18
Theorem (1.13) Let V— X be a holomorphic vector bundle over a
Kahler manifold X, D is the canonical connection. The two
Laplacians and satisfy the following identity
Proof: Since we have theorem (1.12), from the proof of theorem (1.8),
we obtain
But this time, hence, the result
follows.
2. Vanishing; Theorems on Kahler Manifolds
2.1 Kodaira-Nakano Vanishing Theorem
A (1,1)-form f is said to be positive if, in local coordinates
at any point x e X,
with the matrix is a positive definite Hermitian symmetric
matrix for each point z near x.
Throughout this section, we let E X be a Hermitian holo-
morphic line bundle over an n-dimensional compact Kahler manifold X.
We let denote the curvature of E with respect to the canonical
connection induced by the Hermitian metric.
A holomorphic line bundle E is said to be positive if there is a
Hermitian metric h on E such that is positive. E is said to
be negative if is positive (equivalently, is positive).
The following theorem is known as Kodaira-Nakano Vanishing theorem.
Theorem (2.1)
(a) If E is negative, then
(i) for p+ q n
In particular,
(ii) for
(b) If E is positive, then
(c) If is positive, then
where K is the canonical line bundle,
Remark: (l) Throughout this thesis, we use the simple notation
for
(2) The vanishing of cohomology groups was
given by Akizuki Nakano [1].
(3) The vanishing of cohomology groups was
originally proved by Kodaira [15],
Proof: We only need to prove part (a)(i), since parts (b) and (c)
follow from parts (a)(i) and (a)(ii), respectively, by Serre
duality.
Now suppose E is a negative line bundle. We can choose a
Kahler metric on X with
It follows that
Suppose where
On the other hand, from theorem (1.13) and lemma (1.5), we have
Thus,
the result follows as a= 0.
2.2 Generalizations of the Kodaira Vanishing Theorem
We want to generalize the results to the case E is weakly
positive [resp. negative], in the sense which we will define later.
We define the eigenvalue functions of E as
each is the eigenvalues of where
with is an orthonormal basis of We also define
for
We have the following generalization of the case p- 0 lr
theorem (2.1).
Theorem (2.2) Let q be a fixed integer with
on and for some point then
The proof depends on an identity theorem for harmonic forms, due to
Aronszajn [2],
Lamma (2.3) Let V— X be a vector bundle over an arbrarv complex
manifold X. If a harmonic form vanishes on a non¬
empty open subset of X, then b= 0.
Assuming this lemma, we can prove theorem (2.2) by a standard
integral trick which forces the vanishing of harmonic q-forms near y.
Proof of theorem (2.2): Let we want to show that a= 0.
By theorem (1.13), we have
Thus,




and e is a unit
vector in E Since
we have (pointwise inner product),
Since






Hence, we conclude that a vanishes on a neighborhood of y
at which Finally, by lemma (2.3), a= 0 on X.
E is said to be semi-positive [resp. semi-negative] if
[resp. for all
Corollary (2.4)
(a) If E is semi-negative on X and negative at some point
then
for
(b) If is semi-positive on X and positive at some
point then
for
Proof: E is negative at yeX, then Therefore,
Applying theorem (2.2), part (a) follows. By Serre duality,
part (b) follows from the result of part (a).
2.3 Generalizations of The Nakano Vanishing Theorem
Now we give another notion of the' weak positivity' [resp.
negativity], namely k-positivity [resp.k-negativity], of a line bundle.
A Hermitian holomorphic line bundle E on an n-dimensional com¬
plex manifold X is k-positive [resp. k-negative] at xeX if the
curvature@ is semi-positive [resp. semi-negative] and has at least
(n-k) positive [resp. negative] eigenvalues.
A line bundle E is called k-positive [resp. k-negative] if it is
k-positive [resp. k-negative] at each point xeX.
From the defination, 0-positive means positive and O-negative
means negative.
The following theorem, due to Girbau [6], generalizes the general
case of Kodaira-Nakano vanishing theorem (2.1).
Theorem (2.5)
(a) Suppose E is k-negative, then
(b) Suppose E is k-positive, then
Proof: The proof depends on constructing a suitable Kahler metric
using the curvature (which is not definite) and original Kahler
metric.
It suffices to prove part (a), since part (b) follows from
the result of part (a) by Serre duality.
Let denote the eigenvalues of
for and let By hypothesis
for all
For a fixed point be an orthonormal
basis for such that
We write Expressing formally in the following forms
and
Recall that, lemma (1.4),
we obtain




and is a unit vector in
Hence,
Recall that For any
Since
We now construct a new Kahler metric such that the
corresponding eigenvalues satisfy
for all









Therefore, W.L.O.G., we can assume that the eigenvalues
functions satisfy the inequality (3). Using the hypothesis
X is Kahler. for
and hence,
On the other hand, by inequalities ((2)) and ((3|)),
Integrating over X,
The result follows as a= 0.
The theorem will not be true if© is assumed to have n-k non-zero
eigenvalues at some point of X instead of at all points of X (as in
the definition of k-negativity). Ramanujam [20] gave a counter¬
example in which the set of exceptional points is only a subvariety.
If we strengthen the requirement of the base space X as
projective-algebraic meanifolds,weo have some vanishing theorems for
h(X,Qp(E)) for semi-positive line bundles E without assuming that
0 has n-k non-zero eigenvalues at all points of X. We present the
following theorem to show how the ambient projective space can be
utilized.
Theorem (2.6) Let E be a Hermitian holomorphic line bundle over a
projective-algebraic manifold X. Suppose A is an algebraic
subvariety of X, and E is k-positive at each point of X-A.
Then
where
We need the following two results in the proof of the theorem.
Lemma (2.7) [Bertini's theorem]
Let X be a projective-algebraic manifold imbedded in P1.
Then for generic hyperplanes PinP1, PX is a smooth
divisor in X. Furthermore, if A is an algebraic subvariety of
X with dimension 1, then there is a hyperplane P0 of Pm such
that P0 n X is a smooth divisor in X and dim (AnP0)= X~ 1-
A proof of a general version of lemma (2.7) is given in [11,p.179].
Larnrna (2.8) [slicing technique]
Let V be a holomorphic vector bundle on a complex manifold X
and D be a smooth hypersurface in X. Let p, q be non-negative







and [D] is denoted the holomorphic
line bundle which carries a holomorphic section s satisfying
Div s= D.
Proof: For any point x£D, D can be given in a neighborhood of x
as the zeros of a single holomorphic function f which is called a
local defining function for D. Any holomorphic function g
defined at x and vanishing on D is divisible by f in a
neighborhood of x.
In fact, if D is locally defined by
a covering of X, then a holomorphic section s can be chosen as
satisfying Div s- D.
Hence, we have the following short exact sequence of sheaves
on X:
restriction
Consequently, we have the short exact sequence of sheaves on D:
A ds restrictior
(For convention: we set
From the long exact sequence associated with the latter exact
sequence and the hypothesis ((5)) and ((6)), we obtain
((7))
Finally, from the long exact sequence associated with the
former exact sequence, the desired vanishing follows from {4}
and ((7}. (Recall that
Proof of theorem (2.6):
For convention, we set We shall prove
the theorem by induction on
If , then it holds from theorem (2.5) part (b). Let
and suppose it has been proved for
Suppose X is imbedded in Pm, by lemma (2.7), there is a
hyperplane P in such that D= PnX is a smooth divisor in
X and dim
Then Ep is semi-positive and has a curvature form with at
least n-k-1 positive eigenvalues at each point of
Thus, by the induction hypothesis, we have
((8))
Since Le] positive end E is semipositive? we §st






Comparing ((9)), (98)) and ((10)) with ((4)), {5)) and ((6)) in
lemma (2.8), the result follows from lemma (2.8).
3. Vanishing theorem on Non-Kahler Manifolds
A generalization of corollary (2.4), the Kodaira vanishing theorem
for semi-positive line bundles, to non-Kahler manifolds was given by
Siu [25], Such a vanishing theorem is motivated by the conjecture of
Grauert Riemenschneider [7, p.277] which was originally introduced for
the purpose of characterizing Moisezon space (i.e. a complex space in
which the transcendence degree of the meromorphic function field are
equal to the space's dimension).
3.1 The Siu Vanishing Theorem
In this chapter, we mainly prove the following vanishing theorem,
due to Siu [25].
Theorem (3.1) Let X be a compact complex manifold (not necessary
Kahler) and E be a Hermitian holomorphic line bundle whose
curvature form is semi-positive everywhere and is strictly positive
oh G with X-G of measure zero. Then
where K is the canonical line bundle of X.
We recall first a particular corollary of the results of Grauert
Riemenschneider [7] about the characterization of Moisezon spaces.
Lemma (3.2) Let X be a Moisezon manifold and E be a semi-positive
line bundle over X. If E is positive on G with X-G of
measure zero, then
We also recall the following corollary of the Hirzebruch-Riemann-
Roch theorem which in turn is a consequence of the Atiyah-Singer index
theorem [3].
Lemma (3.3) Let X, E be the same as theorem (3.1). Then for
sufficiently large integer k,
where C is a constant independing on k.
In order to prove theorem (3.1), we need only to show that X is
Moisezon, by virtue of lemma (3.2). As shown in Siu's paper [25,




By virtue of lemma (3.3), ((11)) follows from the following
proposition.
Proposition (3.4) Let X, E be the same as theorem (3.1). For each
£ 0, there exists a positive integer k0 depending on£ such
that
dim for q>1 and k >k
3.2 The Proof of Proposition (3.4)
In the remaining of this chapter, we present in detail the steps
of the proof of proposition (3.4).
Step 1: A Schwarz lemma for L2 norm of sections of
Let X be a compact complex manifold of complex dimension n and
E be a Hermitian holomorphic line bundle over X. Let
be a finite open covering of X satisfying the following property:
there exists two positive numbers R0, C0 and open sets
for such that
for each point
where B(x,r) is denoted the open ball with centre
x and radius r with respect to the coordinate
patch Uj;
(b) for each fixed point xeUj, there exists a triviali-
zation of such that the Hermitian metric of
E| expressed in form of e-p withj d (p vanishes
at the point x and all the 2nd order derivatives
of with respect to the coordinate chart U: are
bounded by CG independing on j.
Lemma (3.5) For a positive integer k and any numbers r,% with
and If s is a holomorphic
section of Ek over Bj (0,r) with OeU! and vanishes at 0 of
order then
where is the pointwise norm of and
the integration is taken with respect to the Euclidean volume form
of the coordinates
Proof: Let x1,,x2n be the real coordinates of the coordinate
chart Uj. Since vanishes at 0, by Taylor expansion we have,
for
where P is a point lying on the line segment joining P and 0.
Thus, by the choice of the covering, for
where is the usual Euclidean norm of
The section s is now viewed as a holomorphic function on
be the complex coordinates of the
coordinate chart
Let and consider the holomorphic
function
with variable z, and zi}'fz{ ,z, 4 ,•••,zn being fixed. Applying
the usual Schwarz lemma to sz-J, we have, for Pelb(0,Ar),
((12))
By the subharmonicity of , we have for,
where the integration is taken with respect to the Euclidean volume
form of the coordinates of Uj. Hence by ((12)), for
Since for
Recall that the volume of unit ball in
Therefore,
Step 2: The Leray ma closed form: cocvcles with L2
estimates
Take and m and consider a lattice of
points such that









Let X (t) be a non-negative-valued function on [0,1] with support
contained in [0,34) and has value 1 on [0,12], say
where is the distance
from Then has compact support and has value 1 on
Since and we have
a partition of unity by setting
At each point all derivatives of
of order with
respect to the coordinates of are bounded by
where is a
constant independing on j, v and d, but depending on I. To see this,




Since there are no more than (4n+l)2nm B;v cover point x, we can
consider instead of and the conclusion follows as is
bounded by
We now state (without proof) a result from Hormander [10] about the
L2 estimates of -operator.
Lemma (3.6) Let Q be a bounded pseudo-convex open set in Ca, let D
be the diameter of si, and let be a plurisubharmonic function
in Q. For any -closed (0,q)-form f on q 0, there
always exists a (0,q-l)-form u on Q such that au= f and
where the integration and the pointwise norm for forms are with
respect to the Euclidean metric of Ca.





Let denote the covering of and a -closed -valued
We construct an element corresponding
the form
with some requirement in the following way.
Let be the sheaf of germs of -valued (0,i)-forms on X.
Simplify the index notation by setting
For construct with
satisfying
where s is the Cech coboundary operator, and in solving
equations in (i) and (ii), we have the solutions with
the estimates given by lemma (3.6).
Let L.e. f is a Ek-valued function on Bu
Define a linear map by sending
with the following estimate
where C is a constant independing on d, k and uG,••• ,uj;||•|| is the
pointwise norm of E with respect to the Euclidean metric of U- with
the smallest j which contains BUo; the integration is taken with
respect to the Euclidean volume form of Uj with the smallest j which
contains Bu0n'nBUil and, respectively, B. Such an estimate is
obtained by applying lemma (3.6) to solve the 5-equation q times.
Define the reversal mapping, for we
construct a -closed -valued -form For
construct
with satisfying
where the S-equations are solved by using the partition of unity
Write explicity as
Finally, we set
Define a linear map by sending
with the estimate
where C7 is a constant independing on d, k and and integration
is taken as above.
Such an estimate is obtained from applying the -operator q
times in (i) and (ii), and BUo can intersect no more than (8n)2nm of
the balls Bu. And we can have the integration over B' n••• n B'u
instead of Bun---nBu because the support of pu is contained in
Bu.
it should be noticed that 5 an' iR general, are not
inverse of each other, but in cohomology level they are isomorphisms
and the inverse of each other.
Step 3:] Bochner-Kodaira formula for non-Kahler manifolds
Since X is not a Kahler manifold, we cannot use the Kodaira-
Nakano identity to estimate the norm of harmonic forms. We have,
however, the following Bochner-Kodaira formula for non-Kahler manifold.
For any smooth -valued (0,q)-form p,
where (i)(,) means the inner product for Ek-valued tensors
corresponding to the global L2 norm over X;
(ii) denotes covariant differential in the (0,1)-direction;
(iii) Ric and T denote the curvature, Ricci and torsion
tensors respectively;
(iv) [A,B]= AB+ BA.
This formula was given by Griffiths [8, p.429]. Applying the formula tc
harmonic forms, we get
Lemma (3.7) Let X, G and E be the same as theorem (8.1). T.Pt- K h
a compact subset of G. Then there exists a constant sucf
that for any positive integer k
where is the pointwise norm of
Final Step: Estimation of dimension of cohomolocv croup
For applying lemma (3.7), we fix a neighborhood W of X-G anc
fix Let and k be the smallest integer
where is the constant determined by in lemma
and and take an -valued harmonic -from
with unit global L2-norm. Fix with and map
Let r be a number greater than all the ratios (and their recipro¬
cals) of the volume forms of the metric of X and the usual metric of
By lemma (3.7),
Since no point of X can belong to more than (4n+l)2rlm of the
open balls Bu, and no Bu- can intersect more than (8n)2iam of the
balls Bu, we have the following estimates:
where the summation




running through BUo,,Bu not all disjoint
from W.
Let r be a positive number such that the Euclidean metric of Uj
is not greater than r times the Euclidean metric of U, at each point
of
Eix S with Consider for some
is not disjoint from be the smallest integer such, that
For consider if




bv d I W.tcL 6nf
W
B
From the definition and the choice of by, each Dv is contained ir
B and the union of Dy contains the subset of all points of B whose
distance is from Since and we have
Let
as B runs through all possible choices and
the number of the plpmpntc in Let and
Hence
For W is fixed, d can be chosen such that Vol(W') 2 Vol(W),
since W' is contained in the set of all points of X whose distance
from W with respect to the metric of X is smaller than 8ndr Hence,
for sufficiently small, we have
Let be a basis of
Construct for and fix
Take a'linear combination of so that
vanishes to order at each point coming from
Since the number of terms in a polynomial of degree
smaller than in n variables is and there are no more than
elements in
Hence, if we assume
wp have a non-zero
linear combination f' with the requirement. It leads a contradiction
as follows:
Suppose where Let
and change by multiplying a positive constant to have
Applying schwarz1s lemma to restricted to with
we have
Since and each point of is
covered by no more than of balls we have
((15))
Together with the estimate ((14)), we have
Construct Recall that
Hence, by the estimate ((15)), we have
By the miniumizing norm of harmonic representative, we obtain
We derive a contradiction by suitably choosing , W, d, k and
For any
(i) choose such that
(ii) choose such that
(iii) choose W such that
Civ) k0 is determined by the choices of t and W;
(v) choose d such that Vol(W') 2 Vol(W);
(vi) let and choose integer max
Hence, for any k k1, we set then such a
choice of W, d, k and makes ((16)) contradict. Hence, the
result of theorem (3.4) follows as
4. Vanishing Theorems on Vector Bundles
In this chapter, we derive some vanishing theorems for vector
bundles over compact Kahler manifold. First of all, we should have an
analogous definition of positivity for vector bundle. We will follow
the differential-geometric approaches of Nakano and Griffiths. Then we
use a fundamental result of Le Potier [16], theorem (4.4), to obtain
some vanishing theorems on vector bundles.
4.1 The Nakano Positivity
Let V be a Hermitian holomorphic vector bundle of rank r over
a complex manifold X, with dimX= n.
Recall that we have the curvature form (X,Hom(V,V)).
Suppose f= (e1,•••,er) and f= (e1 ,---,er) are a pair of dual
local frames for V and V respectively, the curvature form can be
locally expressed as
where
Define an isomorphism by setting
where h(f)y6 is given by• Identifying
with respectively, we have the curvature
tensor
defined by
Explicitly, we have a local expression of R as
Hence, Rx is a Hermitian form on (V®T) for all xeX.
We now define the Nakano-positivity of holomorphic vector bundle V
on a complex manifold X.
We say that vector bundle V is Nakano-positive [resp. Nakano-
semi-positive] at point xeX if Rx is positive definite [resp. semi-
positive] on As before, vector bundle V is Nakano-
negative [resp. Nakano-semi-negative] at if is Nakano-
positive [resp. Nakano-semi-positive] at x.
We derive the local descriptions on the conditions of Nakano-
positivity and Nakano-negativity. Let (z1,•• •,z11) be local




Hence, E is Nakano-positive [resp. Nakano-semi-positive] at x if and
only if
It should be noted that for Nakano-negative, we cannot simply
reverse the inequality sign. In fact, vector bundle V is Nakano-
negative [resp. Nakano-semi-negative] at x if and only if
The verification of above criterion can be found in [22, p.119].
We now gereralize corollary (2.4) to the following vanishing
theorem for vector bundle over compact Kahler manifold.
Theorem (4.1) Let V be a Hermitian holomorphic vector bundle over a
compact Kahler manifold X, with dimX= n.
(a) If V is Nakano-semi-negative on X and Nakano-negative at
some point yeX, then
(b) If is Nakano-semi-positive on X and Nakano-
positive at some point yX, then
proof: As before, part (b) follows from part (a) by Serre duality.
The proof of part (a) is similar to that of theorem (2.2) by using
the identity theorem for harmonic forms, lemma (2.3).
Suppose vector bundle V satisfies the hypothesis in part
(a) and let ceH°'q(X,V), for q n. We want to show that c= 0.
Since X is Kahler, we use the Kodaira-Nakano identity to
obtain
and thus,
As in the proof of theorem (2.2), we shall compute the
pointwise inner product of and obtain the
vanishing of c on a neighborhood of y.
Let choose and
orthonormal bases for and respectively. Let
where 1 with
and
Since are orthonormal, we have
where
Recall that the fundamental form is given by
Thus,
where
For convenience, we express the above pointwise inner product
in form of




The quantity is the maximum eigenvalue of R regarded
as a Hermitian form on and thus is independent
of the choice of coordinates.




c=0 on a neighborhood of y. Hence part (a) follows by the
identity theorem for harmonic forms.
4.2 The Griffiths Positivity
The Nakano-positivity condition on vector bundle gives us the
previous vanishing theorem, but it is so strong that the tangent bundle
Tjpn. of complex projective space is not Nakano-positive for n 1 [22,
p.123]. We are going to weaken the positivity condition.
A Hermitian holomorphic vector bundle V over a complex manifold
X is said to be Griffiths-positive at xeX if
for all where is given by (17)).
A vector bundle V is said to be Griffiths-negative [resp.
Griffiths-semi-positive, Griffiths-semi-negative] at x if the above
inequality holds with replaced by [resp.,].
A vector bundle V is called Griffiths-positive [resp. Griffiths-
negative, etc] if V is Griffiths-positive [resp. Griffiths-negative,
etc] at all points of X.
Under these definitions, we have the following relationship
between positivities:
Nakana-positive Griffiths-positive ample
Remarks: (1) The concept of ampleness, which will be defined later,
coincides the concept of positivity on line bundles.
(2) The first implication is trivial.
(3) Griffiths-positivity Nakano-positivity; the
tangent bundle Tpn of complex projective space is just
a counter-example [22, p.123].
(4) It is still not known whether ampleness implies
Griffiths-positivity
(5) The second implication will be discussed later( a
special case of lemma (4.6)).
First of all, we define the concept of ampleness for line bundles.
A holomorphic line bundle E over a compact complex manifold X
is said to be ample if there exists a positive integer m0 such that




at least one is not zero,
the holomorphic map which is defined by
is an imbedding,
where is homogeneous coordinates of
Before defining the ampleness for vector bundle, we cosider the
holomorphic fibre bundle
with the fibre is the space Recall that
is the
space of )-dimensional subspaces of
where rank of
over X.
We have the pullback vector bundle
Let F be the tautological subbundle of with rank (r-l). namelv
foi
Define the associated line bundle on P(V) by the quotient bundle
Note that if V is a line bundle, then P(V)= X and
We are in the position to define the ampleness for vector bundle.
A holomorphic vector bundle V over a compact complex manifold X
is said to be ample if the associated line bundle over is
ample.
We summarize some fundamental results based on the previous set-up.
Lemma (4.2) If V is a holmorphic vector bundle over a compact Kahler
manifold X, then P(V) is also Kahler.
Lemma (4.3) The restriction of the associated line bundle
is isomorphic to the hyperplane section bundle on P(VX).
Hence is a positive line bundle over
The following result enables us to carry vanishing theorems for
line bundles over to vector bundles, due to Le Potier [16],
Theorem (4.4) Suppose V is a holomorphic vector bundle over a
complex manifold X, and is a coherent analytic sheaf on X.
Then
A Hermitian holomorphic vector bundle V over a complex manifold
X is said to be Griffiths-k-positive (with if
for all non-zero eeVx, the hermitian form
is semi-positive and has at least n-k positive eigenvalues on Tx.
A vector bundle V is said to be Griffiths-k-positive if V is
Griffiths-k-positive at all points of X. Similarly, we can define the
Griffiths-k-negative.
We generalize theorem (2.5) to a vanishing theorem for vector
bundles.
Theorem (4.5) If V is a Griffiths-k-positive holomorphic vector
bundle of rank r over a compact Kahler manifold X, with
Then
The proof mainly depends on theorem (4.4) and the following result
which states that the k-positivity is preserved on the associated line
bundle.
Lemma (4.6) If V is a Griffiths-k-positive holomorphic vector bundle
over a complex manifold X, then is a k-positive line bundle
over P(V). In particular, when k= 0, we have
Griff iths-positivity ampleness
proof: Since the vertical tangent space of P(V) is positive by
lemma (4.3), we only need to show that the horizontal tangent space
has at least n-k linear independent positive eigenvectors.
For any y€P(V) and let Choose
orthonormal to y. We regard e as an element of and
let e'= y+ e
Denote the curvature tensor of and over P (V) by
R and R' respectively. Since
the Hermitian
form is semi-positive and has at least
n-k positive eigenvalues on Ty, and let A denote the positive
eigenspace. Let B denote the vertical tangent space at y,
i.e.
The result follows as we show that R'e» is positive
definite on since
dim
As mention before, R'ei is positive definite on B by lemma
(4.3). R'e, is positive definite on A by the increasing
property of curvature for a quotient bundle [10, p.79]. In this
case, is a quotient bundle of %V, we have
For any t£A, we have
Proof of theorem (4.5):
By lemma (4.2), P(V) is Kahler, and by lemma (4.6), is
a k-positive line bundle over the compact Kahler manifold P(V).
Thus, we can apply theorem (2.5) to obtain
for dim
the result follows from theorem (4.4) with namely,
for p+q>n+r+k.
As a consequence, we have a generalization of theorem (2.6) on
vector bundles.
Corollary (4.7) Let V be a Hermitian holomorphic vector bundle of
rank r on a projective-algebraic manifold X, with dim X= n.
Suppose A is an algebraic subvariety of X, and V is Griffiths-
positive at each point of X-A. Then
for
proof: The result follows by a similar argument in the proof of
theorem (2.6). In this case, we use theorem (4.5) instead of
theorem (2.1).
5. CR Manifolds and Webster Connection
In this chapter, we develop Webster's connection and curvature
abstractly on CR manifolds and then mention some recent results bas ed
on his formalism.
5.1 Basic Notions on CR manifolds
A real (2n+l)-dimensional manifold M is called a CR manifold
(Cauchy-Riemann manifold) if there is a codimension 1 subbundle Hc:TM,
which carries a complex structure
Let EczT be the 1-dimensional subbundle such that any section Q of
E annihilates H, i.e. E= Hx. We call the CR structure non-
degenerate if 0 A(d 9 )K is non-zero for any non-zero section 9 of E.
On a non-degenerate CR manifold, the bundle H defines a contact
structure on M, and we call any section of E a contact form.
Define two subbundles,




Since E= H1, it is
contained in both
A CR manifold is called integrable if His formally integrable
in the Frobenius sence,
Equivalently, if and V, we have
On an integrable CR manifold be a section of E and
be a local basis for Since
the integrability condition implies that
where is a real 1-form and is a Hermitian matrix of smooth
functions, i.e.
( In this section, small Greek indices run from 1 to n; complex
conjugation will be reflected in the indices.)
Define the Levi form of 0, a Hermitian bilinear form, on H j0 by
The Levi form depends on the choice of 6, but it is well-defined up to
a conformal multiple. The non-degeneracy condition defined previously
is equivalent to the non-degeneracy of the Levi form. If the Levi form
is positive definite, we say that M is strongly pseudo-convex.
For a fixed choice of non-zero section 9 of E, we call (M, Q)
a pseudo-Hermitian manifold.
5.2 The Webster Connection on Pseudo-Hermitian Manifolds
Let (M,Q) denote a (2n+l)-dimensional non-degenerate, integrable
pseudo-Hermitian manifold, where 6 is a fixed real 1-form. Locally, we
can choose n complex 1-forms such that form a
basis of Since the structure is integrable, we have
where is Hermitian and is real. Since is, non-degenerate we
can choose satisfying Hence by requiring
((18))
the n complex 1-forms are determined up to
((19))
where
To study the equivalence problem for non-degenerate, integrable
pseudo-Hermitian manifolds under transformation (19)), we allow
to be variable. Consider the coframes i for which (18))
holds. Let B be the bundle of such coframes with structure group
GL(n,C). Under the change (19)) we have
Hence, on B we have globally defined function and globally
defined complex 1-forms We pull up the real form Q to B and
view (18]) as an equation on B.
In order to apply the method of Cartan, we must find 2n2 more
independent, intrinsically defined 1-forms on B, since the real dimen¬
sion of B is 2n2+ 2n+ 1. Webster [25] worked out the following
results.
Theorem (5.1) In the bundle B over M described above, there is an
intrinsic basis of 1-forms





Note that we use and its inverse gP to lower and raise
indices, and ((23)) is equivalence to
Thpnrpm( S.?) The exterior derivatives of the forms and of






with the coefficients satisfying
is the same as in the theorem (5.1),
For a geometric interpretation, let us consider the dual frame
to The condition ((18)) singles out a unique trans¬
versal X to H and the transformation ((19} gives
((28))
where
Under the change ((28)), we have
Hence, we can define a connection on H,
locally by
Recall that a Hermitian metric on H can be given by
( Z„(, Zj)= g|. Then condition ((22)) yields that D is a metric
connection and T4 can be viewed as a kind of torsion. With these
interpretations we can restate theorem (5.1) as follows:
Theorem (5.1a) Let (M,0) be a non-degenerate, integrable pseudo-
Hermitian manifold. Then there are a unique Hermitian metric
determined by the Levi form, gg, and a unique metric connection
D on H with torsion form satisfying
The curvature matrix of COp is given by
or
We can naturally extend connection D to ETM by
Snch a connection is called Webster connection. Then we have
The Ricci tensor of (M, 6) is the Hermitian form p on Ri0 defined
by
where The scalar curvature is
it can be written as
5.3 Recent developments
There are many parallels between CR geometry and conformal
Riemannian geometry, some of these are listed as follows:
Conformal Geometry CR Geometry
Riemannian manifold (X,g)
Euclidean space










We now sketch some recent developments motivated by the above
analogue.
Assume that (M, 0) is strongly pseudo-convex, i.e. (g) is
positive definite at each point. Recall that the Levi form of$ can
be given by
where V= Va Z, W= WP Z?. Since M is strongly pseudo-convex, we
can define an L2- inner product on functions
where the natural volume on
*
The Levi form induces a dual metric on H, denoted by L. This
induces an L2-inner product on sections of H
Let
be the natural restriction map. For
we can define a section dbu of H by
We then define the real sublaplacian operator on functions by
The sublaplacian has a simple expression in terms of covariant
derivatives induced from the Webster connection.
Theorem (5.3)
Using the Webster connection, J. M. Lee [17] gave an intrinsic
characterization of the Fefferman metric associated with a pseudo-
Hermitian structure. The null geodesies( light rays) of this metric
project to the biholomorphically invariant curves on M called chains.
Another recent study on CR manifold is the CR Yamabe problem:
given a compact strongly pseudo-convex CR manifold, find a choice of
contact form for which the Webster scalar curvature is constant.
The CR Yamabe problem is equivalent to finding the critical
points of the functional
where is any contact form
associated to the CR structure of M and R is its scalar curvature.
Let D. Jerison J. M. Lee [13] recently
showed that the Yamabe problem has a solution on a compact CR manifold
M provided that where is the sphere with its
standard contact form
They also proved that the standard contact form is the
only solutions (up to a constant multiple and a CR automorphism)
to the Yamabe problem on the sphere
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6. Vanishing Theorem on CR Manifolds
In this chapter, we define the Tanaka affine connection on the
tangent bundle of a manifold first. Then we have the canonical con-
nection of a vector bundle over a CR manifold with respect to the
affine connection. Under the definition of the Laplacian in section
6.2, we have harmonic forms in the usual sence. Finally we derive
a vanishing theorem on the space of harmonic forms, due to Tanaka [27].
6.1 The Tanaka Affine Connection
Let (M,6) be a non-degenerate, integrable pseudo-Hermitian
manifold, then there is a unique vector field, such that
and
Recall that the interior product is defined as
for any vector fields V, X1, •••,Xk and (k+1)-form W. The
corresponding vector field' is called a basic field.
The complex structure J of H can be extended to a tensor field
on M of type (1,1) by setting
We now define a tensor field g of type (0,2) on M by setting
Directly computation, we have
and
is symmetric
Suppose now M is strongly pseudo-convex, the restriction
is positive definite (in fact, it is the Levi form) for all
Let
and decompose CTM as
Let , we denote te CH-component [resp. CH'-component]
of the Lie bracket of Weby
also denote by the -component
-component] in the decomposition
We define
by for any
On (M,0), there is a unique affine connection
with the following conditions:
1
2
3 The torsion T of
satisfies
(a) T (X,Y) and
(b) for all
Namely, the affine connection is given by the following
equations:
(i) For any
where denotes the Lie derivation and
(ii) For any
(iii) For any
For we define functions and
on M as follows:
Let xeM and (e,,---,en) be any orthonormal basis of
(i.e. a basis of H;0 x such that Set
and




a volume element on M, is the 2n-form
defined by
As a consequence, we have Green's theorem.
Corollary (6.3) [Green's theorem!
Suppose M is compact, we have, for any and
We recall that the curvature R of the affine connection is
defined as




A differential operator is called a
connection in E if, for any C-valued smooth function and
The curvature K of connection D is given by
for where
Together with the affine connection on D is naturally
extended to be the covariant differentiation
Lemma (6.4) [Ricci formula]
we haveFor any
where
Proposition (6.5) Let E be a Hermitian holomorphic vector bundle
over a strongly pseudo-convex manifold (M?$). Then there io a
unique connection D in E satisfying:
Let xeM and be any orthonormal basis of
Then
6.2 Fundamental Operators
Since the vector bundle
may be identified with a subbundle of
Since we have
Hence the operator may be expressed as
follows:
where and
The inner product of E,,, together with the tensor field g
(defined in section 6.1) induce an inner product in Cq(M,E) as follows:
where (e1-,en) is an orthonormal basis of
and the summation runs through all possible choice of




where is an orthonormal basis of
Directly computing, we have, for any
((29))
where ck is given by
and is defined in section 6.1.
(b) The Laplacian
A solution CP of the equation t- 0 i-s called a harmonic form.
As before, the space of harmonic forms in (M,E) is denoted by









It is also a self-adjoint operator.
(e) The operator
For any integer q, define a self-adjoint operator
by
6.3 A Special Vanishing Theorem
In this section, we derive a vanishing theorem on the spaces of
harmonic forms as below.
Theorem (6.6) Suppose M is compact and, for some integer q, the
self-adjoint operator is positive definite at each xe M.
Then
This is just a consequence of the following theorem (6.7) which is
a description of the Laplacian in terms of the covariant
differentiation D.
Theorem (6.7) For any M not necessary compact, we have
Proof: The equality (3) is just obtained from (T) and (2) by
eliminating the term i D. The equalities (l) and (2) are
obtained from directly computation involving the Ricci formula
and the properties of R [27, p.33].
an orthonormal
basis of We have
((30))
For convenience, we write
By the Ricci formula, we obtain
where
Firstly, we have
Secondly, since we obtain
Simply by definition, we have
Since hence





The equality (l) follows from ((30)) and ((31)).
By the Ricci formula, we have
Since the connection D is chosen as
it follows that
Thus, the equality (2) follows from the equality (l) and ((32)).
Now suppose M is compact, we define an inner product(,) in
for all
Then, by ((29)) and Green's theorem, corollary (6.3) is now the
formal adjoint operator of with respect to the inner product(,).
We defined semi-norms in by
((32))
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Corollary (6.8) For any M compact, we have
proof:
First of all, we have
(3) follows from (T) and (2).
where is given by
for




Hence, CD and (2) follow ((33)), ((34)) and theorem (6.7).
Proof of theorem (6.6):
The result follows immediately from corollary (6.8) (3).
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